Abstract: Let T 1 and T 2 be topologies defined on the same set X and let us say that (X T 1 ) and (X T 2 ) are similar if the families of sets which have nonempty interior with respect to T 1 and T 2 coincide. The aim of the paper is to study how similar topologies are related with each other.
Introduction
Let T 1 T 2 be two different topologies defined on the same set X . Denote by NI(T ) the family of sets with nonempty interior in topology T , = 1 2. We say that (X T 1 ) and (X T 2 ) are similar (or the topologies T 1 and T 2 are similar) if NI(T 1 ) = NI(T 2 ) and write T 1 ∼ T 2 . One of the most known examples of such pair of topologies are the natural topology T nat on reals and the Sorgenfrey topology T s generated by the base consisting of intervals of the form [ ). Another example of similar topologies are abstract density topologies (with respect to measurable sets) on R (see Section 3). Aniszczyk and Frankiewicz [1] showed that one can find 2 c non-homeomorphic topologies among them. On the other hand, there exist other density-type topologies connected with measurable sets, e.g. ψ-density, -density topologies (see [5, Chapters 22 and 23]), that are not similar. These topologies are generated by operators which do not fulfill the Lebesgue Density Theorem (in [6] they are called almost density operators). Observe that similarity of topologies can be easily formulated in the language of partially ordered sets (P(X ) ⊂). Indeed, the condition NI(T 1 ) = NI(T 2 ), is equivalent to the fact that T * 1 and T * 2 are mutually coinitial (see e.g. [3] ), i.e. that for all U ∈ T * 1 there exists V ∈ T * 2 such that V ⊂ U and for all U ∈ T * 2 there exists V ∈ T * 1 such that V ⊂ U. Here for any A ⊂ P(X ) we denote A * = A \ {∅}. Further we will use both terms interchangeably.
It is well known that coinitial families of sets generate the same Marczewski-Burstin representations (MB-representations). In particular, coinitial topologies have the same ideal of nowhere dense sets and the same algebra of sets with nowhere dense boundary (see e.g. [2, 3] ). This suggests that these two areas of research, similarity and MB-representations, can be studied together. The main aim of this work is to examine the properties of similar topologies and to show how different they can be.
Equivalent definitions
Let us recall some notions and facts connected with the so-called MB-representations of algebras of sets. Let X be a nonempty set and ∅ = F ⊂ P(X ) * . Following the idea of Burstin and Marczewski we define:
It is well known that S(F) is an algebra of subsets of X (it need not be a σ -algebra), and S 0 (F) is a proper ideal on X contained in S(F) and it also need not be a σ -ideal (see [8] or [3, Proposition 1.1]). If T is a topology and F = T * , then S(F) is the algebra NB(T) of sets with nowhere dense boundary and S 0 (F) is the ideal ND(T) of nowhere dense sets (see [3, Proposition 1.3] ). Taking F equal to the family of perfect sets, Marczewski showed that S(F) is a σ -field and S 0 (F) is a σ -ideal (of the so-called Marczewski (Szpilrajn) sets [10] ). In [4] , Burstin observed that for perfect sets with positive Lebesgue measure S(F) S 0 (F) are Lebesgue measurable sets and Lebesgue null sets, respectively.
We say that an algebra A (an ideal I) of subsets of X has a Marczewski-Burstin representation if there exists a nonempty family F of nonempty subsets of X such that A = S(F) (I = S 0 (F), respectively). If in addition F ⊂ A, we say that A is inner MB-representable [2] . For I ⊂ A we say that the pair A I is MB-representable provided A I = S(F) S 0 (F) for some family F. Clearly, if T is a topology and F = T * then the pair A I = S(F) S 0 (F) is inner MB-representable.
To complete the conditions equivalent to the similarity of topologies, we need the following theorem.
Theorem 2.1 ([3, Proposition 1.2]).
Let
• If
Any subfamily π of the topology T dense (in the sense of ⊂) in T * is called π-base of T. Now, we can formulate the main theorem of this section. 
Proof. If T 1 ∼ T 2 then the families of sets with empty interior coincide, so (a) ⇒ (b). Considering complements, we have (b) ⇒ (c). In a similar way we obtain the implications (c)
From condition (g) it follows that the families of first category sets coincide for similar topologies. Hence, if T 1 ∼ T 2 , then (X T 1 ) and (X T 2 ) are simultaneously Baire spaces or not.
Condition (g) can be simplified if we assume that X is resolvable. Recall that a topological space (X T) is resolvable if there exists a set D such that D and X \D are dense in X . It is obvious that similar topological spaces are simultaneously resolvable or not.
Theorem 2.3.

If a topological space (X T) is resolvable then the ideal of nowhere dense sets ND = ND(T) is the maximal hereditary subfamily in NB = NB(T).
Proof. It is evident that ND ⊂ NB and ND is hereditary. We will prove that it is maximal. Let A ∈ NB \ ND, then
Indeed, from the assumption we have A = Fr(A), so there is a point ∈ Int(A).
Let U be an open nonempty set such that ∈ U ⊂ A. Then the set U is not a nowhere dense set (as it is open and nonempty). From the resolvability of the space we have a dense set D such that its complement is also dense in X . So the sets U ∩ D and U \ D are dense in U and we have Cl (
and we obtain
is not a set of nowhere dense boundary.
Corollary 2.4.
Let topological spaces (X T 1 ) and (X T 2 ) be resolvable. Then
Remark 2.5.
If a topological space (X T) is not resolvable, then ND(T) need not be a maximal hereditary subfamily of NB(T).
Indeed, let (X T) be a topological space with X = (0 1) ∪ {2} and the natural topology. Then the family ND(T) ∪ {{2}} is a maximal hereditary family.
Similarity and abstract density topologies
Let A be an algebra of subsets of X and let I ⊂ A be a proper ideal. Let us recall some definitions.
Definition 3.1.
We say that a topology T on X is an abstract density topology associated with A I if
The notion of an abstract density topology is connected with the lower density operator.
Definition 3.2.
Let Φ : A → A. We say that Φ is a lower density operator on A I if the following conditions hold:
• A B ∈ I implies Φ(A) = Φ(B) for all A B ∈ A,
• A Φ(A) ∈ I for all A ∈ A.
We say that the pair A I satisfies the hull property if for all U ⊂ X there exists V ∈ A such that U ⊂ V and for all W ∈ A, U ⊂ W implies V \ W ∈ I. The set V is called a hull of the set U. Recall the following result.
Theorem 3.3 ([6, Theorem 4]).
If Φ : A → A is a lower density operator associated with A I and the pair A I has the hull property, then the family
} is an abstract density topology associated with A I . Moreover, any abstract density topology is given by some lower density operator Φ.
All abstract density topologies associated with a given pair A I are similar. This follows directly from the definition and Theorem 2.2. On the other hand, it is possible that there exist many non-homeomorphic abstract density topologies on the same A I . For example there are 2 c non-homeomorphic abstract density topologies associated with the pair consisting of the σ -algebra of Lebesgue measurable sets and σ -ideal of null sets [1] . The analogous result for the σ -algebra of sets with the Baire property and the σ -ideal of meager sets was obtained by Wroński in [11] and generalized in [12] . It seems interesting that the next theorem holds. Φ is an abstract density topology. The topologies T and T Φ generate the same algebra and the same ideal, so they are similar.
How different similar topologies can be
We have seen that similar topologies need not be homeomorphic. On the other hand, homeomorphic topologies need not be similar.
Example 4.1.
There exist homeomorphic spaces (X T 1 ) and (X T 2 ) which are not similar.
Proof. Let X = { }, T 1 = {∅ { } X }, T 2 = {∅ { } X } and let : X → X be a function defined as ( ) = , ( ) = . Then is a homeomorphism from X onto X , but the topologies T 1 and T 2 are not similar.
We know that topologies are similar if and only if they define the same nowhere dense sets and the same sets with nowhere dense boundary. We also know, that coincidence of families of sets with nowhere dense boundary is sufficient for similarity of resolvable topologies. However, coincidence of families of nowhere dense sets is far from similarity between topologies.
Example 4.2.
There exist incomparable by inclusion topologies T 1 and T 2 such that ND(T 1 ) = ND(T 2 ) and
Proof. Let 
Of course, T 1 and T 2 are incomparable. It is not difficult to check that ND(T 1 ) = ND(T 2 ) = {∅}. Simultaneously, Int
Recall that an ideal I ⊂ P(X ) is called maximal if for any A ⊂ X we have either A ∈ I or A C ∈ I.
Theorem 4.3.
For any ideal I ⊂ P(X ) which is not maximal there exist two topologies T 1 and T 2 which are not similar and ND(T 1 ) = ND(T 2 ) = I.
Proof. The ideal is not maximal so there exists a set A 0 such that A 0 and its complement are not in the ideal I. Put T 1 = {X \ A : A ∈ I} ∪ {∅} and let T 2 be the topology generated by
The topologies have the required properties.
As we remarked, the natural topology on R and the Sorgenfrey topology T s are similar, hence
Example 4.4.
There exists a nonmetrizable space which is similar to a Euclidean metric space.
From the same example we see that similar topologies can satisfy different countability axioms. Moreover, both spaces (R T nat ), (R T s ) are normal and Lindelöf. The next examples will show that separation axioms and the Lindelöf property are not necessarily preserved under similarity of topologies.
Example 4.5.
There exists a space which is similar to a Euclidean space on the plane and which does not have the Lindelöf property.
Proof. Let
This topology is known as Sorgenfrey's half-open square topology [9] . It is similar to the natural topology on the plane, but although L 1 is completely normal, L 2 is not even normal, it is only regular. L 2 is not Lindelöf, because every regular Lindelöf space must be normal.
The difference between separating axioms can be much bigger than that in the previous example.
Example 4.6.
There exists a T 0 -space which is not T 1 and is similar to the natural topology on X = [−1 1].
Proof. As T 1 we take the natural topology and as T 2 the overlapping interval topology [9] . The topology T 2 is generated by sets of the form [−1 ) if > 0, ( 1] if < 0 and all the intervals ( ) for any ∈ (−1 1). Then
It is not difficult to find two metric spaces which are not similar. The next example shows that there are also similar non-homeomorphic metric spaces.
Example 4.7.
There exist non-homeomorphic metric spaces which are similar.
Proof. Let X be the unit circle described by the parametric formulas ( ) = cos , ( ) = sin for ∈ [0 2π). We define two metrics ρ 1 ρ 2 : X → [0 ∞) in the following way. For any points A B ∈ X , the metric ρ 1 (A B) is the length of shorter arc between points A B. Let (X ρ 2 ) be identical with the interval [0 2π) with the Euclidean metric. Then (X ρ 1 ) and (X ρ 2 ) are not homeomorphic and the topologies T 1 and T 2 generated by ρ 1 and ρ 2 , respectively, are similar.
From the previous example we can notice that a compact space can be similar to the space which is not compact and the complete metric space can be similar to a non complete one.
Example 4.8.
There exist topological spaces (X T 1 ) and (X T 2 ) such that T 1 ∼ T 2 , (X T 1 ) is connected and (X T 2 ) is not connected.
Proof. Let X = (0 1) and T 1 be the natural topology on it. The space (X T 1 ) is connected. As T 2 we take the topology generated by the base of all open intervals in (0 1) and intervals [1/2 ), for > 1/2. Then (X T 2 ) is not connected because X = (0 1/2) ∪ [1/2 1) and both intervals are open in T 2 . Obviously both spaces are similar.
Similarity and continuity
In this section we will deal with different kinds of continuity. Take a function :
We ask which properties of are preserved if we change T X into a similar topology. Take metric spaces (X ρ 1 ), (X ρ 2 ) from Example 4.7. Let : (X ρ 1 ) → (X ρ 1 ) be given by the formula ( ) = + for ∈ X and ∈ (0 1). Then is a homeomorphism. When we change the domain into (X ρ 2 ), then :
Even continuity is not preserved if we change topology on the domain into a similar one. Indeed, let T 1 T 2 be topologies from Example 4.7, Y = R and T is the natural topology. Let ∈ (0 1) and put as → + (mod 2π). Then :
is not continuous. On the other hand, if we put T 1 = {∅ R}, T 2 = {∅ {0} R} then the families of real functions consist only of constant functions. However, T 1 is not similar to T 2 .
A situation changes when we consider quasicontinuity instead of continuity.
Definition 5.1 ([7]).
A function : X → Y is said to be quasicontinuous at the point 0 ∈ X if for each neighbourhood U ⊂ X of 0 and each neighbourhood V ⊂ Y of ( 0 ) there exists an open set U 1 ⊂ U, U 1 = ∅, such that (U 1 ) ⊂ V . We say that is quasicontinuous if it is quasicontinuous at any ∈ X . Denote by Q(T) the family of all quasicontinuous functions :
Theorem 5.2.
Suppose that card(Y ) ≥ 2 and
Proof. Assume that there is a nonempty set A ∈ T 1 such that its interior in T 2 is empty. We will show that there exists a function ∈ Q(T 1 ) \ Q(T 2 ). Suppose that Cl T 1 (A) = X . Let
It is not difficult to check that is T 1 -quasicontinuous. Indeed, if 0 ∈ Cl T 1 (A) and U ∈ T 1 is a neighbourhood of 0 then U ∩ A is nonempty and open in T 1 . We put
Observe that is not T 2 -quasicontinuous at any 0 ∈ A. Indeed, if we take as V 
Property 5.5.
If T 1 T 2 are similar topologies on X and ∈ CQ(T 1 ), then ∈ CQ(T 2 ).
Proof. Let 0 ∈ X , ε > 0. Assume that ∈ CQ(T 1 ). Take a neighbourhood U ∈ T 2 of the point 0 . Then there exists a nonempty set U 1 such that U 1 ∈ T 1 and U 1 ⊂ U. Let be any point of the set U 1 . From the assumption, there exists a nonempty subset U 1 ∈ T 1 of the set U 1 such that for all points 1 2 ∈ U 1 we have the inequality ρ( ( 1 ) ( 2 )) < ε. Making use of similarity of topologies, we can find a nonempty set U 2 ∈ T 2 which is included in U 1 . Then for any points 1 2 from that set we have inequality ρ( ( 1 ) ( 2 )) < ε, which means that : (X T 2 ) → (Y ρ) is cliquish at 0 .
From Theorem 5.2 and Property 5.5 we obtain the following implications:
The next example shows that we cannot reverse these implications.
Example 5.6.
Let T 1 be a topology generated by the base consisting of open intervals and rational numbers. Observe that any function from (X T 1 ) into the real line with the natural metric is cliquish. Indeed, in any nonempty set U ∈ T 1 there is a rational number , and we can put U 1 = { }. The topology T 2 , generated by the base consisting of open intervals and irrational numbers is not similar to T 1 , but the family of all cliquish functions is the same as in the previous case. On the other hand, the characteristic function of (−∞ 0) is quasicontinuous if we consider it on (R T nat ) and not quasicontinuous on (R T s ), although these topologies are similar.
